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The subgrid scale (SGS) variance for a high-Schmidt-number passive scalar of Sc
[[ 1 is measured using a high-resolution planar laser-induced fluorescence technique
in a grid-generated turbulent liquid flow, and the values of the model coefficients in
the scale-similarity model and the scalar-gradient model used for estimating the SGS
scalar variance are experimentally evaluated. The results show that for both models,
the measured values are much larger than the well-known values obtained in the pre-
vious studies done for non-high-Sc scalars of Sc % 1. Similarly, the measured value
of the model coefficient in the scalar-gradient model tends to be larger than the value
estimated by the dynamic procedure. The increases in the measured values of the
model coefficients for the high-Sc scalar can be explained by the presence of the vis-
cous-convective range showing a nearly (�1)-slope in the high-wavenumber range of
the power spectrum of concentration fluctuation. VVC 2011 American Institute of Chemical

Engineers AIChE J, 58: 377–384, 2012
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Introduction

Mixing and transport of passive scalars by turbulence are
often encountered in many geophysical and industrial proc-
esses. It is therefore of great importance to clarify the mech-
anism and develop the models for numerical simulations
such as large-eddy simulation (LES). In particular, it is well

known that the problem becomes much more complex and
difficult to be solved in the case of high-Schmidt-number
scalars (Sc[[ 1, where Sc ¼ m/D, m is the kinematic viscos-
ity and D is the diffusion coefficient). This is because in tur-
bulent flows with the high-Sc scalars, the Batchelor length
scale, which is a small-scale variation of scalar, gB (¼ gK/
Sc1/2), is much smaller than the Kolmogorov length scale gK.
Recently, thanks to the progresses in the performances of
measuring systems and computers, the number of studies on
the mechanism and modeling for such high-Sc scalars in tur-
bulent flows increases both by means of experiments1–3 and
numerical simulations.4–11
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One of the uncertainties is the modeling of subgrid scale
(SGS) variance of nonreactive scalar, which, for example,
can be an input parameter in using assumed probability den-
sity functions (PDFs) for the turbulent reaction models in
LES.12–19 The SGS scalar variance of u, u002, is modeled by
Cook and Riley12 under a scale-similarity assumption as

u002 ¼ Cf
gu002 � Cf ðfu2 � eu

2Þ; (1)

whereCf is the model coefficient,u00 is the fluctuation ofu (i.e.,
u ¼ u þ u00), and the bar and tilde denote the grid- and test-
filtering values, respectively. Michioka and Komori5 and
Kurose et al.11 applied the scale-similarity model to different
turbulent reaction models (i.e., conserved scalar model, direct
closure model, or flamelet model) for LES of a turbulent
reacting liquid flow with high-Sc scalars (Sc [[ 1) and
validated them by comparing with the experiments.20–23 As the
results, they empirically found that the adequate value of Cf in
the scale-similarity model is 5.0, which does not agree with the
previous suggestion that Cf is around unity12,24 for turbulent
combusting gaseous flows with non-high-Sc scalars (Sc % 1).
The reason is considered due to the difference in Schmidt
number, but the validity of the value has not been fully proven,
and the underling physics has not been explicitly understood yet.

The purpose of this study is therefore to experimentally
evaluate not only the value of Cf but also the value of the
model coefficient in another algebraic model, namely the
scalar-gradient model in a same grid-generated turbulent liq-
uid flow with a high-Sc scalar (Sc [[ 1). The flow field is
the same as in previous studies by Komori et al.20–23 The
two-dimensional behavior of the mixing and transport of the
high-Sc scalar is captured by a high-resolution planar laser-
induced fluorescence (PLIF) technique.

Experiments

Figure 1 shows the experimental apparatus and measuring
system. The test apparatus used was a water tunnel made of
polymethylemetacrylate, 1.5 m in length, and 0.1 � 0.1 m in
cross-section. A turbulence-generating grid consisting of
round rods was installed at the entrance to the test section.
The mesh size M and the diameter of the rod d were 0.02
and 0.003 m, respectively. The flow was completely sepa-

rated by a splitter plate into upper and lower streams from
the reservoir tanks until the entrance to the test section. Both
mean velocities of the nonpremixed upper and lower
streams, U, were set to the same value of 0.25 m/s, so that a
shear-free mixing layer was developed downstream of a tur-
bulence grid. The Reynolds number based on the mesh size
M and cross-sectionally averaged velocity U, ReM, was
5000. Measurements of concentration were conducted down-
stream of a turbulence grid at x/M ¼ 15. Fresh water without
any chemical species was used as the lower stream, and an
aqueous solution with Rhodamine B (C28H31N2O3Cl) with
concentration of 1.0 � 10�4 mol/m3 was used as the upper
stream. The Schmidt number Sc of the Rhodamine B is esti-
mated to be about 2500.25,26

The measurements of instantaneous concentration of Rho-
damine B were made in the above mixing layer using a
PLIF technique (Dantec 80N system) as shown in Figure 1.
The Nd:YAG laser (wave length: k ¼ 532 nm; Spectra-
Physics PRO270-10) was changed to a laser sheet using a
cylindrical lens of 0.1-m focal length, and the laser sheet
was introduced from the bottom of the test section to the
measured cross-section. The intensity of the laser was 0.9 J
per one pulse, and the pulse duration was 10 ns. The diame-
ter of laser beam at the outlet of the laser head and the
beam divergence were 13 mm and 0.5 mrad, respectively.
The thickness of the laser sheet at the focal point calculated
by geometric optics was about 50 lm. The spatial resolution
of a digital CCD camera (Dantec Flow Sense 2M) with the
frame rate of 10 frames per second was 1600 � 1200 pixels.
A telescopic lens (Nikon AF Nikkor 85 mm 1:1.8D) and a
bellows (Nikon PB-6) were attached to the CCD camera,
and the imaging area and the minimum spatial resolution
were 16 � 12 mm2 and 10 lm, respectively. In addition, a
high-pass optical filter was attached to the CCD camera for
capturing just the fluorescence of Rhodamine B. The timing
for capturing images was controlled by an external trigger
signal from the controller of the Nd:YAG laser. The supple-
mentary experiments for obtaining the linear calibration
curve between the digitalized fluorescence intensity and con-
centration of Rhodamine B were conducted, and the fluores-
cence intensities in the captured raw images was normalized
using the calibration curve. In the calibration, the back-
ground noise, the initial intensity distribution of the laser

Figure 1. Schematic diagram of experimental apparatus and measuring system.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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sheet, the affects of the attenuation of the laser intensity in
the water tunnel flow, and photobleaching were considered.
The distortion can be negligible in the present optical setup.

Thus, the spatial and time scales of the present measuring
technique were 10–50 lm and 10 ns, respectively. These res-
olutions are comparable or finer than those in the recent
studies using similar leading-edge high-resolution PLIF tech-
niques (see Ref. 1). On the other hand, it was estimated that
the Kolmogorov and Bachelor length scales and Kolmogorov
time scale, gK, gB, and tK, are about 300 lm, 6 lm, and 1
ms, respectively, at x/M ¼ 15.20–23 Although the present res-
olutions are larger than the Bachelor scales, the contribution
of scalar concentration fluctuation at such higher wavenum-
bers on the SGS scalar variance are negligibly small, as
stated later. Therefore, they are sufficiently smaller than the
Kolmogorov scales, so that it is considered that the present
measuring technique has enough resolutions for investigating
the general characteristics of the SGS variance for high-Sc
scalars. In addition, as the thickness of the laser sheet is
much smaller than the grid scales for standard LES, the
discussion on the SGS scalar variance by using PLIF data is
considered to be valid.

Results and Discussion

LIF image for scalar concentration

Figure 2 shows the examples of images of instantaneous
scalar concentration field obtained by the PLIF technique.
The size of each image is 16 � 12 mm2, and the white color
indicates the Rhodamine B concentration. The scalar concen-
tration is observed to distribute in smaller scales than the
Kolmogorov length scale gK.

The energy spectra of scalar concentration fluctuation are
shown for four typical images in Figure 3. Here, the energy

spectra with and without a low-pass filtering operation to
eliminate noise are shown. As the low-pass filter, box filter
with the width of 50 lm is used. The wavenumber k is nondi-
mensionalized by the Kolmogorov wavenumber. The wave-
numbers corresponding to the Kolmogorov and Bachelor
length scales are indicated by kK (¼ 1.0) and kB, respectively.
Irrespective of the use of the low-pass filter, as suggested and
reported in previous studies (i.e., Refs. 27 and 28), the vis-
cous-convective range showing a nearly (�1)-slope is
observed around at the Kolmogorov wavenumber of k ¼ kK.
On the other hand, the inertial-convective range, which is sup-
posed to show a (�5/3)-slope at k\ kK is not observed in the
figure. This is considered due to that the imaging area is too
small and to fully capture the turbulent eddies larger than the
integral length scale. However, Komori et al.20,22 confirmed
the presence of the inertial-convective range of (�5/3)-slope
in the range of g ¼ 0.625–10.0 mm at x/M ¼ 8 in the same
flow field as in this study by using a single-point LIF. It is
also found that at the viscous-diffusive range of k [ kK, the
energy spectra show marked decays and broadings toward the
higher wavenumber range of k % kB owing to noise and that
the broadings are suppressed by the low-pass filtering opera-
tion. From this figure, it can be said that the resolution limit
of the present measurements is about 15–30 lm.

Model coefficient for the scale-similarity model

To evaluate Cf in Eq. 1 for LES, the values of u002 and
gu002ð� fu2 � eu

2Þ are calculated using the images obtained by

the PLIF technique. Figures 4 and 5 show the joint PDF of u002

and gu002ð� fu2 � eu
2Þ with and without the low-pass filtering

operation. A dense part denotes a high PDF value, and the
value gradually decreases with decreasing the thickness. Here,

Figure 2. Typical images of instantaneous scalar concentration field.
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Figure 3. Typical energy spectra of scalar concentration fluctuation.

(a) Nonfiltered case; (b) filtered case.

Figure 4. Joint probability density function of u002 and gu002ð� fu2 � eu
2Þ in nonfiltered case.
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the assumed grid scale for LES, D, is varied from 0.2 to 4 mm
and the test-filter width is set to be 2 D. For this analysis, 600
samples in which the Rhodamine B is well mixed at smaller
scales are extracted. The slopes of Cf ¼ 1.0 and 5.0 are shown
in the figure. No effective difference is observed between the
distributions of the PDF with and without the low-pass filter-
ing operation. This suggests that the broadings owing to noise
observed at the higher wavenumber range of k % kB hardly
affect the value of Cf. In addition, as the box filter with the
width of 50 lm is used as the low-pass filter, the coincident of
the value of Cf implies that the use of the laser sheet with the
thickness of 50 lm is valid for the estimation of Cf. The reason
why the smaller scales than 50 lm do not affect the value of
Cf very much may be explained by the finding of Wang et al.29

that the most expected scale for the velocity field is eight times
Kolmogorov length. That is, the dominant scale for the scalar
variance may be much larger than the Batchelor scale. It is
also found that in both cases the best-fitting slope for the PDF
increases with increasing D and clearly becomes Cf ¼ 5.0 for
D � 1 mm whose scale is in the inertial-convective range.
This value of Cf ¼ 5.0 completely corresponds to that obtained
by the previous numerical predictions in Michioka and
Komori5 and Kurose et al.,11 which supports the validity of Cf

¼ 5.0 for high-Sc scalars. For D � 1 mm, on the other hand,

the best-fitting slope for the PDF tends to gradually decrease
and approach to Cf ¼ 1.0.

The reason why the value of Cf for the scalar with Sc[[ 1

becomes larger than that for the scalar with Sc % 1 (i.e., Cf

% 1.0, Refs. 12 and 24) can be explained in the view of the

energy spectrum. As mentioned above in Figure 3, for the

high-Sc scalar, the viscous-convective range showing a nearly

(�1)-slope in the power spectrum of concentration fluctuation

spreads around from the Kolmogorov wavenumber of k ¼ kK
to the higher-wavenumber range. That is, the effect of the

Schmidt number appears only at smaller scales than the grid

scale. This phenomenon consequently increases the SGS sca-

lar variance u00
2, whereas it hardly changes the test-filtered sca-

lar variance gu002 irrespective of the Schmidt number. As a

result, Cf increases with increasing the Schmidt number.

However, it should also be noted that this interpretation is

valid only for the standard LES conditions in which the grid

scale and the test-filter width are set to be in the inertial-con-

vective range showing the (�5/3)-slope at k \ kK. This is

because the effect of the concentration fluctuation for the

high-Sc scalar in the high-wavenumber range becomes small

in the cases that the grid scale and the test-filter width are in

the same nearly (�1)-slope. In fact, as shown in Figures 4 and

Figure 5. Joint probability density function of u002 and gu002ð� fu2 � eu
2Þ in filtered case.
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5, Cf decreases to around unity when the assumed grid scale is

set to be smaller than the Kolmogorov scale.
Although only one high-Sc scalar is considered in this study,

model coefficients in general mixing models for computations
of turbulent reacting flows are considered to depend on the
Schmidt number.5,30 Michioka and Komori5 showed by per-
forming DNS of isotropic turbulent liquid flows with passive
scalar for different Schmidt numbers of Sc ¼ 1–600 that Cf

reaches to a constant value of 5.0 for Sc � 50. The reason is
speculated that the contribution of the spreading viscous-con-
vective range to the SGS scalar variance becomes negligibly
small at very high wavenumbers because the power spectrum
drastically decreases in the viscous-convective range. Although
the truth of this speculation has been uncertain because the reso-
lutions of their DNS did not reach the Bachelor length scales
especially in the cases of the high-Sc scalars, the present experi-
mental results endorse the validity of the speculation.

Model coefficient for the scalar-gradient model

Instead of the scale-similarity model by Cook and Riley,12

Pierce and Moin13 derived another algebraic model for the
SGS scalar variance on the basis of the scalar-gradient
model under the assumptions of local homogeneity and local
equilibrium for the SGSs as

u002 ¼ C0
fD

2jruj2; (2)

where the value of C0
f is determined dynamically as

C0
f ¼

hLMi
hM2i ;

L ¼ fu2 � eu eu;

M ¼ eD
2

jreuj2 � D
2 ;

(3)

and D is the local filter width. The bracket h i means the
ensemble average. However, Kurose et al.11 showed that
compared with the scale-similarity model, this dynamic model
hardly improves the accuracy of the prediction of u002 in LES
of a turbulent reacting liquid flows with high-Sc scalars (Sc %
600). The joint PDF of u002 and D2 |!u|2 with the low-pass
filtering operation is shown in Figure 6. The slopes of C0

f ¼
0.1, 0.5, 1.0, and 2.0 are shown in the figure. Similar to Cf in
the scale-similarly model, the best-fitting slope for the PDF
increases with increasing D and becomes C0

f ¼ 2.0 for D � 1
mm. For D\ 1 mm, on the other hand, the best-fitting slope

Figure 6. Joint probability density function of u002 and D2|!u|2.
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for the PDF tends to gradually decrease and approach to C0
f ¼

0.5. For comparison, the value of C0
f calculated by Eq. 2 is

plotted against the grid scale D in Figure 7. Although C0
f

increases with increasing D nearly from the value predicted by
Bradley and Jones31,32 (i.e., C0

f ¼ 0.09 and 0.13) and
approaches to the larger value of C0

f ¼ 0.25, it is still almost
10 times smaller than the value calculated by u002/(D2|!u|2)
for D � 1 mm (see Figure 6). This contrariety means that like
the scale-similarity model, the scalar-gradient model cannot
predict the SGS scalar variance for the high-Sc scalars very
much, either. That is, not only the scale-similarity model with
Cf ¼ 1.0 but also the scalar-gradient model with the dynamic
procedure tends to underestimate the SGS scalar variance for
the high-Sc scalars. This is considered due to the fact that the
increase in the Schmidt number dramatically increases the
SGS scalar variance u002, whereas it hardly changes the
resolved scalar gradient |!u|.

Conclusions

In terms of numerical simulations and empirical investiga-
tions, Michioka and Komori5 first suggested that the adequate
value of the model coefficient Cf in evaluating the SGS scalar
variance in the scale-similarity model11 for high-Sc scalars of
Sc [ 1 is much higher than those for non-high-Sc scalars of
Sc % 1 and Kurose et al.11 subsequently showed that the
expected value not only for Cf of the scale-similarity model
but also for the model coefficient C0

f of the scalar-gradient
model is larger for high-Sc scalars than those for non-high-Sc
scalars. To elucidate the validity of the results and the under-
ling physics, the values of Cf and C0

f in a grid-generated tur-
bulent liquid flow with a high-Sc scalar (Sc [ 1) was meas-
ured using a high-resolution PLIF technique. It was found that
the measured value of Cf in the scale-similarity model (i.e., Cf

¼ 5.0) is found to be much larger than the well-known values
of around unity obtained in the previous studies done for non-
high-Sc scalars12,24 but completely correspond to that obtained
by the previous numerical prediction in Michioka and
Komori5 and Kurose et al.11 Similarly, the measured value of
the model coefficient C0

f in the scalar-gradient model (i.e., C0
f

¼ 2.0) is much larger than the values obtained for non-high-
Sc scalars both by the previous DNS31,32 and by the dynamic
procedure.13 These facts mean that not only the scale-similar-
ity model with Cf ¼ 1.0 but also the scalar-gradient model
with the dynamic procedure tends to underestimate the SGS
scalar variance for the high-Sc scalars. The increases in the
measured values of Cf and C0

f for the high-Sc scalars can be
explained by the presence of the viscous-convective range
showing a nearly (�1)-slope in the high-wavenumber range
of the power spectrum of concentration fluctuation. That is, as
far as the standard grid condition is provided for the LES, the
increase in the Schmidt number increases the SGS scalar var-
iance, whereas it hardly changes the resolved scalar proper-
ties. One possible option for improving the prediction of the
SGS scalar variance to account for high Schmidt numbers
would be to solve a transport equation for that scalar, but this
would necessitate the precise evaluation of the scalar dissipa-
tion rate (e.g., Refs. 9 and 33). Unfortunately, the evaluation
of the scalar dissipation rate requires much finer spatial reso-
lution than could be achieved in this study.
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